ABSTRACT
Introduction
The recently emerging fields of metamaterials and transformation optics promise a family of exciting applications in nanophotonics with the potential for much faster information processing. The possibility of creating optical negative-index metamaterials (NIM) using nanostructured metal--dielectric composites has triggered intense basic and applied research [1] [2] [3] [4] [5] [6] [7] . In very recent experiments [8] it has been demonstrated that the incorporation of gain material in the metamaterial makes it possible to fabricate an extremely low-loss and an active optical NIM that is not limited by the inherent loss in its metal constituent.
Since in such materials the electric field, the magnetic field, and the wave vector of a plane wave form a lefthanded system, they are also called left-handed materials (LHMs). Investigations of the electromagnetic properties of LHMs open various promising directions in the electrodynamics of materials with simultaneously significant electric and magnetic properties, including LHMs.
Multilayered Microspheres
One of such directions is the use of microcavities and microspheres that provides a new view of various effects and interactions in structured and layered media. Nowadays, the basic regime of the operation of open (uncoated) dielectric microspheres is the whispering gallery mode (WGM) for a microsphere with a radius of the order 100 1 m   or less. The extremely high quality factors ( Q -factors) have already been realized [9] . But since fabricating the coated dielectric spheres of the submicron sizes, the problem arises of studying the optical oscillations in microspheres beyond the WGM regime for harmonics with small spherical numbers. The peculiarity of such a system (nanoemitter + multilayered microsphere) consists of the following. The ratio of the typical sizes of a nanoemitter ( ) to the typical sizes of a microsphere ( 100 ) is small . However, the range of the wavelengths of a nanoemitter is comparable to the width of a layer in the coated microsphere; hence the retardation effects cannot be neglected already.
nm 
It is well known that in general, a dielectric sphere has a complex spectrum of the electromagnetic low quality factor eigenoscillations because of the energy leakage into the outer space [10] . The case of the compound structure: the dielectric sphere coated by an alternative stack, is richer. The -factor of such oscillations strongly depends on the properties of the stack. It has a large value in the frequency regions of high reflectivity, and beyond these regions remains small, [11, 12] . The combination of such factors causes a large variety of optical properties of microspheres with a multilayer stack. In particular, such a system can serve as a spherical symmetric photonic band gap (PGC) structure, which possesses strong selective transmittance properties [13, 14] , and can arrange the nanometer-sized photon emitters. These possibilities al-Q Q low us to essentially expand the operational properties of microspheres with the engineering of nanometer-sized photon emitters as attractive artificial light sources for advanced optical technologies. Equally important, this system can provide a compact and simple building block for studying the quantum aspects of light. The attachment of semiconductor nanoclusters onto a spherical microcavity has already allowed the observation of the Rabi splitting [15] .
Various properties of the electromagnetic waves in microspheres have been studied both experimentally and theoretically by a number of authors [16] [17] [18] [19] [20] . Recently various properties of nanoemitters are discussed (see [21, 22] and reference therein).
The incorporation of nanoemitters in the structures with LH materials, e.g. microspheres, can open new possibilities in the electrodynamics of such systems. As far as the author is aware, the radiation of active nanosources, placed in multilayered microspheres with included LH material, has inadequately been studied yet, though it is a logical extension of previous works in the case of bare microspheres. Due to recent synthesization of the microspheres with radial variation in the refractive index [23, 24] , it is of interest to study new electromagnetic phenomenon when nanosources are incorporated not only onto the surface of a microsphere, but also inside various layers of the spherical stack consisting of the LH and conventional materials.
The analysis of the refractive index properties of optical metamaterials, as a function of real and imaginary parts of dielectric permittivity and magnetic permeability demonstrated a specific interplay between the resonant response of constituents of metamaterials that allows efficient dispersion management. The use of one-dimensional plane structures, including dispersiveless LH layers, allows considerable widening of the band gap of layered structures [25] . Moreover, similarly constructed spherical stack allows extremely narrow frequency resonances in a quasiperiodic structure [26] Nevertheless, up to now, the case of a radiated nanosource placed in a LH dispersive spherical stack containing both conventional and LH materials has not been studied.
In this paper, we study this situation of a microsphere coated by alternating layers with the dispersive LH layers included. We explored both the frequency and radial dependencies of the field radiation in such a frequency area to answer the question of whether or not the spherical stack can confine the electromagnetic fields and form the new photon states. Our approach is based on the dyadic Green's function (GF) technique that provides an advanced approximation for a multilayered microsphere, in particular in cases where the field is arrested in a LH layer. Such a numerical approach has allowed us to study the multilayered microspheres with any structure of the superficial layers and to evaluate the total contribution of various field states in unified framework. This paper is organized as follows. In Section 2, our approach and basic equations are formulated for optical fields in a dielectric microsphere coated by a multilayered stack. In Section 3, the properties of permittivity, permeability, and the refractive index of LH layers are discussed. In Section 4, we outline the numerical scheme of applying the GF technique and also discuss our numerical results for the cavity field states radiated by nanoemitters placed into such combined multilayered microsphere. In the last sections, we discuss and summarize our conclusions.
Basic Equations the Green Function
The spatial scale of the nanoemitter objects (1 100 nm  ) is at least one order of magnitude smaller than the spatial scale of microspheres ( ). Therefore in the coated microsphere (Figure 1) , we can represent the nanoemitter structure as a point source placed at and having a dipole moment 0 . It is well known that the solution of the wave equation for the radiated electromagnetic field due to a general source is [27] 3 4
where ( , , )   G r r i t e is the dyadic GF, which depends on the type of boundary conditions imposed on and contains all the physical information necessary for describing the multilayered structure (the time dependence is assumed to be ( ) E r  ). Equation (1) is complemented by the standard boundary conditions: limitation of the fields in the center of the microsphere and continuity of the tangential components of the fields at the interfaces of layers. We also use ditions, where there is only an Sommerfeld's radiation con chnique for multilayered microspheres and introduce our notations. Following the approach [28] , we write down DGF of such a system as follows:
outgoing wave in the external boundary of the microsphere. In this case, the electromagnetic field E in the coated structure consists of the sum of the waves radiating in the surrounding medium and the multiple wave reflections due to the interfaces between layers. Substituting the nanoemitter source in the form i 
where is the point where the field is observed, while
is the nanoemitter (point source) location.
Let us consider the multilayered spherical structure: a co 
where the prime denotes the nanoemitter coordinates , such a singularity does not contribute to the field (2) for the considered case of a tangential dipole. ncentric system of spherical layers contacting with the sphere (concentric stack) deposited onto the surface of the microsphere with nanoemitters placed in such a structure (see Figure 1. ). The layers are localized at the distance k R from the center, where
is the width of k -th layer. 
In (7), vector and represen -and -waves, respectively, where 
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her, we follow [29] that allow us to rewrite (20) as Furt
In the following, we refer to the material of a layer as being left-handed (or metamaterial) if the real part re  of its fractive index is negative. In order to allow a dependence on the frequency of the refractive index, let us restrict our attention to a single-resonance permittivity   given by (23) and (24) 
It is worth noting negative real part of the refractive index is typically observed together wi dispersion, so that absorption cannot be disregarded in general. However, in a very recent [8] , it was experimentally demonstrated that the incorporation of gain material in a metamaterial makes it possible to fabricate an extremely low-loss and active optical devices. Thus, the original loss-limited negative 
Numerical Results
Analytical solutions to (16) [28] t rresponding 1 . Bu 2 co tr equations are rather laborious, and thus are hardly suitable study the frequency spec um for the cases with more than 2 layers in the stack already. However, namely in such a structure, one can expect physically interesting phenomena due to the wave re-reflections in the layers of the stack. Similarly to the plane case, such phenomena are most pronounced when the thicknesses of the alternating spherical layers are approximately equal to / 4 in practice for ing  (quarter-wave layers) [11] . In a general case of alternating layers (having small losses), the equal-
, where l is integer. In this case, the optical thicknesses of the conventional and LH material laye rs are the same 1 1
The Spherical Stack
We consider a spherical stack with1/ which is positive for both the LH and the conventional layers.) Since the amplitude of a spherical electromagnetic wave depends on the distance to the center of th phere, such a 0 / 4  approximation is only asymptotically close to the plane wave case. So such a structure can be optimized yet with respect to the local properties of the layers in the stack.
It is worth to identify the nanosource position in a microsphere. If a nanoemitter is placed close to the center of a microsphere, the system is nearly spherically symmetric; the e micros n, (the refore the modes with small spherical quantum numbers mainly contribute to the sums in (5, 10) . This case is close to a rotational invariant geometry where the dipole moment orientation does not need to be specified. Therefore, we draw more attention to a case where the nanoemitter is placed rather far from the center in one of the layers of the spherical stack. In such a system, the preferred direction (center-source) arises, therefore larger numbers of spherical modes contribute to DGF (5,10). As a result the frequency spectrum of DGF becomes richer but more complicated.
The Numerical Scheme of Applying the Dyadic Green's Function
In this sectio rically expl quency and radial dependencies of nanoemitter rad dyadic Green's function) for al layers deposited on the surface of a microsphere (Figure 1) . We use the following steps: 1) we solve (16) (5) and (10) .
The realization of such a program requires quite intensive computations. Let us outline some det or a numerical solution, we represent (16) (which are necessary for computing the fields in the internal layers) have been calculated. Having these matrices calculated, we further make use them in (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . Finally, this allows us to calculate the dyadic Green's tensor in any point of the spherical structure and for any number of layers in the stack. Since the complete Green tensor is known, there is, of course, no obstacle to performing the calculations for an arbitrary position of the nanoemitters in a coated microsphere. We note that such a stack in general may have an arbitrary or even random structure. For our numerical approach, the infinite summation in (5) and (10) ). Because of the complexity of the field spatial structure, it is difficult to establish some analytical criterion for max N . In the process of our calculations, we have increased the quantity max N till the sum in (4) 25 30 N   . We have found that such an approximation remains king well up to very high spherical numbers (WGM regime). It orth noting that the continuity of DGF in the layer interfaces is very sensitive to acies in calculations and can thus serve as a good criterion for estimating the global accuracy of the results.
Since nanoemitters (e.g. nanorods) are highly polarized objects, we pay more attention to the case where the dipole orientation of the nanoemitter is d=d r (6 wor  , so only the tangential components of the Green's tensor G  contribute.
en us
The Parameters of Calculations
The following parameters have be ed in our calculations: the geometry of a system is . n  ( D , surrounding the realistic layers case we added to each i n a small imaginary part, which corresponds to the material dissipation. W at e such a open s ), there are losses due to leakage of the field into the surrounding space.
The Frequency Spectrum of the GF
The above-written approach has allowed us to explore both the frequency spectrum and the raction index Mainly, we study the case of 7 -layered systems (spherical stack with 7 layers deposited on the surface of the microsphere). In Figure 3(a) , we plot the frequency dependence of the imaginary part for the tangential nent of GF , where  is a det rom the resonance and uning f  is the linewidth.
The Radial Structure of GF in Spherical Stack
Some interesting special cases can be considered by ana-
f . In Figure 4 , the radial distributions . We observe from Figure 4 that the field structure di for res correspondlues of the dispersive refractive index of the LH layers Re ( ) n f . rface of e The case f THz  Figure 4(b) ) is an intermediate case. We observe that in all shown cases, the field is confined by an LH layer and practically does not leave the spherical stack.
It is well due to the fluctuation-dissipation theorem the correlation function of the photon states in the absorbing environment for temperature T can be written down with the he known that lp of the macroscopic GF as fo ws [30] llo
In particular, from (25) , G r r is the GF, which is ( , ) G  r r in our case. Therefore, the field structure shown in Figure 4(a,b,c) may be treated as a strong correlation of the electromagnetic fields in the vicinity of the LH layer with   Re 0 n f  . Figure 5 shows that the field structu n in Figure 4 for 1480 r n m re (show   ) does not change considerably at the shift of the nanoemitter along the layer to 1700 r n m   . The natural question arises, how much ca ck confine the field energy for a stack with various numbers of layers?
GF for Various Numbers of Layers in the Stack
In Figure 6 , the structure
for a n such a sta numb ers, the spectral peak practically does not considered stack (LH ayered er the system with various layers is shown at frequency168THz . From Figure 6 , we observe that with a change in the er of lay variate. This means that for a layers and conventional layers), the field beyond the first LH layer is so small that the wave boundary re-reflections do not affect the structure of the field in the LH layer. This allows us to conclude that the structure of the spectrum is defined mainly by the intrinsic properties of the spherical stack and weakly depends of the nanoemitter location.
The Structure of the GF in a LH Layer
Furthermore, in some experiments it is important to identify the spatial distribution of the field (for some resonances) radiated by nanosources located in a multil microsphere. Therefore, it is of interest to consid spatial field distribution in a cross-section ( , , r c onst Figure  4(c)) .
From ( has well-defined peaks not only at r r  , but also at angles i  along the circle where r r  . This means that a strong correlat produced by two separated nanoemitters can be arisen at such resonance. It is worth to note that such a field state is not a ph eral but a state of the macroscopic me dressed by the electrom gnetic field [30] . We also e from Figure 7 that the field structure inside of a alternating stack is anisotropic and quite intricate, but the field amplitudes beyond the coated microsphere are small. Nevertheless, a spectral detector placed outside the microsphere still enables a noncontact monitoring of the properties of a nanoemitter located inside a multicoated microsphere.
Discussion
We observe that the use of the of GF technique allows a clear description and a self-consistent understanding of the physics ion of field states a otonic state in gen dium, a observ of the electromagnetic phenomena in the spherical rs included with respect of the standard the spherical modes of the system. We stack with LH laye decompositions on have shown that the difference in the location of a nanosource may lead to the essentially distinct wave pictures. As a result the frequency spectrum of radiations becomes rather indented as it is defined by the sum of the various spherical harmonics with the frequency depending field amplitudes. Such a spectrum differs sufficiently from the case of a spherical stack with conventional materials. Therefore the behavior of the considered compound system is instructively to compare with a limit infinite plane alternating case that has an analytical solution. The latter stack consists of two different materials with widths i a and impedances
